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POLAR ACTIONS ON DAMEK-RICCI SPACES
ANDREAS KOLLROSS
Abstract. A proper isometric Lie group action on a Riemannian manifold is called polar
if there exists a closed connected submanifold which meets all orbits orthogonally. In this
article we study polar actions on Damek-Ricci spaces. We prove criteria for isometric
actions on Damek-Ricci spaces to be polar, find examples and give some partial classifi-
cations of polar actions on Damek-Ricci spaces. In particular, we show that non-trivial
polar actions exist on all Damek-Ricci spaces.
1. Introduction
A proper isometric Lie group action on a Riemannian manifold is called polar if there
exists a connected closed submanifold, called section, which intersects all orbits and always
orthogonally. One may think of a polar action on a Riemannian manifold as a generalization
of polar coordinates on Euclidean space. An important special case is given by actions of
cohomogeneity one, i.e. actions whose principal orbits are hypersurfaces. In this article we
study polar actions on Damek-Ricci harmonic spaces. These spaces are certain solvable
Lie groups, endowed with a specific left-invariant Riemannian metric.
Polar actions are very special among general isometric Lie group actions. For example,
among the countably infinitely many equivalence classes of irreducible orthogonal repre-
sentations of a given semisimple compact Lie group, only a small finite number is polar [6].
Furthermore, it appears that for a nontrivial polar action the dimension of the group acting
cannot be too small, when compared to the dimension of the space acted on, cf. [16, 17].
Moreover, the sections of polar actions are totally geodesic submanifolds. Thus if there
exists a nontrivial polar action on a Riemannian manifold, then, generally speaking, this
manifold has a high degree of symmetry and also contains many nontrivial geodesic sub-
manifolds, as was remarked in [8].
However, in generic Riemannian manifolds, there are neither Killing fields nor are there
non-trivial totally geodesic submanifolds. It is therefore natural to study polar actions only
on very special types of Riemannian manifolds. In particular, polar actions on Riemannian
symmetric spaces, which have a high degree of symmetry and contain many nontrivial
totally geodesic subspaces, have been extensively studied by many authors, see e.g. [1, 2,
3, 5, 6, 9, 12, 13, 15, 16, 17, 18, 19, 20, 23, 25, 26, 29]. In fact, polar actions on compact
Riemannian symmetric spaces are almost completely classified, see [20] and the references
therein.
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In contrast, for the symmetric spaces of the non-compact type the classification prob-
lem is still mostly open and complete classifications exist only for real [29] and complex
hyperbolic spaces [9]; for example, see [11] for the recently completed classification of
cohomogeneity-one actions on quaternionic hyperbolic spaces; the result there is surpris-
ingly intricate.
Little is known about polar actions on non-symmetric Riemannian manifolds. Among the
results of [15] there is a classification of cohomogeneity-one actions on isotropy irreducible
compact homogeneous spaces (which provides many examples for such actions).
Otherwise, i.e. apart from these cohomogeneity-one examples, there are not many re-
sults concerning polar actions on Riemannian manifolds which are not (locally) symmet-
ric. In [10] and [21], homogenous Riemannian manifolds whose isotropy action is polar
are studied. The result is that in the special cases which are considered (homogeneous
spaces of semisimple Lie groups, generalized Heisenberg groups and Damek-Ricci spaces)
the isotropy action is polar if and only if the space is locally symmetric. In [8], actions
of the torus T n−1 on the Berger sphere S2n−1 are studied, the result is that these actions
are only polar if the sphere carries the symmetric (round) metric or if the action is of
cohomogeneity one.
In this article we study polar actions on Damek-Ricci spaces. It is natural to consider
these spaces in the context of polar actions, since they share some properties with symmet-
ric spaces. In fact, they were introduced by Damek and Ricci [7] as counterexamples to the
conjecture that locally harmonic manifolds are flat or rank-one locally symmetric. Further-
more, these spaces are also similar to symmetric spaces in that they contain many totally
geodesic submanifolds, cf. [14, 28]. Another good reason to study these spaces is that they
include the non-compact symmetric spaces of rank one among them and it appears from
the partial result in [19] that it is exactly the cases missing there (i.e. actions given by sub-
groups of a maximal parabolic subgroup in the isometry group of OH2) which correspond
to the presentation of OH2 as a Damek-Ricci space. Therefore, we may hope that progress
on polar actions on Damek-Ricci spaces will also shed light on the classification problems
for polar actions on HHn and OH2, which are still open.
In the following, we will study polar actions on Damek-Ricci spaces. We do not attempt
a systematic classification of polar actions on Damek-Ricci spaces, but restrict ourselves to
certain special cases. However, we obtain new non-trivial examples, see e.g. Theorem 3.4,
Theorem 3.7, Corollary 3.11 and Corollary 3.12.
One of our main results is the following (for the notation, see Section 2).
Theorem 1.1. Let S be Damek-Ricci space, s = a⊕ v⊕ z. Let b ⊆ a be a linear subspace
and let w be a linear subspace of the real vector space v. Then h := b⊕w⊕ z is a subalgebra
of s. Let H be the corresponding connected closed subgroup of S. Assume Q acts polarly
on the orthogonal complement of w in v with a section ℓ such that JXℓ ⊥ ℓ for all X ∈ z.
Then the Q⋉ L(H)-action on S is polar.
This article is organized as follows. In Section 2, we recall preliminaries on Damek-Ricci
spaces, their isometry groups and totally geodesic subspaces. In Section 3 we find criteria
for the polarity of actions on Damek-Ricci spaces under the assumption that the section
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is a totally geodesic subgroup. We apply these criteria to obtain new examples and some
partial classifications. In the last section we extend some of our results to polar actions
where the sections are not totally geodesic subgroups, but hypersurfaces inside of such
subgroups.
2. Damek-Ricci spaces
Damek-Ricci spaces are certain solvable Lie groups, endowed with a left-invariant Rie-
mannian metric. They are extensions of generalized Heisenberg groups, which, in turn,
can be constructed from representation modules of certain Clifford algebras. Let us briefly
recall the construction, for details see [4]. Let n = v⊕ z be a Lie algebra, endowed with an
inner product 〈·, ·〉n such that 〈v, z〉n = 0 and such that the Lie bracket satisfies [v, v] ⊆ z
and [v, z] = [z, z] = 0. Define a linear map J : z→ End(v) by
〈JZU, V 〉n = 〈[U, V ], Z〉n
for all U , V ∈ v, Z ∈ z. The Lie algebra n is called a generalized Heisenberg algebra if
J2Z = −〈Z,Z〉n idv
for all Z ∈ z. In this case, the simply connected Lie group N with Lie algebra n is called a
generalized Heisenberg group. Now let n = v⊕ z be a generalized Heisenberg algebra and
let a be a one-dimensional real vector space. Let A ∈ a be a non-zero vector. We extend
the Lie bracket of n to s := a⊕ n by requiring
[A,U ] =
1
2
U
for all U ∈ v and
[A,X ] = X
for all X ∈ z. We define an inner product on s by setting
〈rA+ U +X, sA + V + Y 〉 := rs+ 〈U, V 〉n + 〈X, Y 〉n
for r, s ∈ R, U, V ∈ v, X, Y ∈ z. Then s is a solvable Lie algebra and we define S to be
the simply connected Lie group with Lie algebra s. The Lie group S, endowed with the
left-invariant Riemannian metric induced by 〈·, ·〉, is called a Damek-Ricci space.
The classification of Damek-Ricci spaces follows directly from the classification of Clifford
modules, see e.g. [22], where also details on the following remarks can be found. We first
recall the classification of Clifford algebras over real vector spaces with positive definite
quadratic forms. They are given by Table 1 and the rule Cℓm+8 ∼= Cℓm⊗R(16) for m ≥ 0.
Here K(n) denotes the real algebra of n × n-matrices with entries in K = R,C,H, and
Cℓm denotes the isomorphism type of a Clifford algebra over an m-dimensional real vector
space with positive definite quadratic form. The equivalence classes of the corresponding
Clifford modules can also be read off from Table 1; there is exactly one equivalence class of
irreducible modules in case m 6≡ 3 (mod 4) and there are exactly two equivalence classes of
irreducible modules in case m ≡ 3 (mod 4). The irreducible Clifford modules are given by
the natural representations of the algebra of n× n-matrices with entries in K on the real
vector space Kn in case m 6≡ 3 (mod 4) and they are given by the natural representations
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m 0 1 2 3 4 5 6 7
Cℓm R C H H⊕H H(2) C(4) R(8) R(8)⊕ R(8)
Table 1. Clifford algebras
of the algebra of n × n-matrices on the real vector space Kn, restricted to the left, resp.
right, summand of K(n)⊕K(n) in case m ≡ 3 (mod 4).
Accordingly, for m 6≡ 3 (mod 4) the equivalence classes of (possibly reducible) Clifford
modules of Cℓ(z) are given by the k-fold direct sums of irreducible modules, where k runs
through the non-negative integers; and for m ≡ 3 (mod 4) the equivalence classes of
(possibly reducible) Clifford modules of Cℓ(z) correspond to pairs (k+, k−) of non-negative
integers.
The generalized Heisenberg algebras are given as n = v⊕ z, where v is a module of
the Clifford algebra Cℓ(z), in such a fashion that the representation of the Clifford alge-
bra Cℓ(z) is defined by the linear map Z 7→ JZ , z→ End(v). The corresponding generalized
Heisenberg groups N are denoted by N(m, k) for m 6≡ 3 (mod 4) and by N(m, k+, k−) for
m ≡ 3 (mod 4), and accordingly, the corresponding Damek-Ricci spaces S are denoted
by S(m, k) for m 6≡ 3 (mod 4) and by S(m, k+, k−) for m ≡ 3 (mod 4). We have that
S(m, k+, k−) and S(m, k−, k+) are isometrically isomorphic. Let us remark that Damek-
Ricci spaces with v 6= 0 are non-symmetric, except for the following isometries.
RHk+1 ∼= S(0, k), CHk+1 ∼= S(1, k), HHk+1 ∼= S(3, k), OH2 ∼= S(7, 1, 0) ∼= S(7, 0, 1).
Note that the spaces S(k, 0), where v = 0, are homothetic to RHk+1; there is an isomor-
phism S(0, k)→ S(k, 0) which is an isometry up to scaling.
Remark 2.1. Let S be a non-symmetric Damek-Ricci space and let N be the corresponding
generalized Heisenberg group, s = a⊕ n. The isometry group of S is the semidirect product
of A(N) ⋉ L(N), where A(N) denotes the automorphisms of N whose differential at the
identity element e is a linear isometry of (n, 〈·, ·〉n) and where for any subgroup H of S
we denote by L(H) the subgroup of the isometry group of S given by left translations by
elements of H . The groups A(N) were determined in [27]. In case m 6≡ 3 (mod 4) the
connected component A(N)0 of the group A(N) is isomorphic to
A(N(m, k))0 =


Spin(m) · SO(k), if m ≡ 0, 6 (mod 8),
Spin(m) · U(k), if m ≡ 1, 5 (mod 8),
Spin(m) · Sp(k), if m ≡ 2, 4 (mod 8).
In case m ≡ 3 (mod 4) the connected component A(N)0 of the group A(N) is isomorphic
to
A(N(m, k+, k−))0 =
{
Spin(m) · [Sp(k+)× Sp(k−)], if m ≡ 3 (mod 8),
Spin(m) · [SO(k+)× SO(k−)], if m ≡ 7 (mod 8).
The actions of the groups above on s are as follows. The action is trivial on a; it is
equivalent to the standard SO(m)-representation on z. In case m 6≡ 3 (mod 4), the A(N)0-
representation on v is equivalent to ∆ ⊗K K
k, where ∆ denotes the spin-representation
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of Spin(m) on Kn and where SO(k), U(k), Sp(k) acts by its standard representation on
Kk = Rk, Ck, resp. Hk. In case m ≡ 3 (mod 4), the A(N)0-representation on v is equivalent
to (∆+ ⊗K K
k+)⊕ (∆− ⊗K K
k−), where ∆+, ∆− denote the two half-spin-representations
of Spin(m) on Kn and where Sp(k±), SO(k±) act by their standard representations on
K
k± = Hk± , resp. Kk± = Rk±. In case the Damek-Ricci space is a symmetric space, the
isometry group of S contains the group A(N)⋉ L(N) as a proper subgroup.
A submanifold M of a Riemannian manifold N is called a totally geodesic submanifold if
every geodesic of M is also a geodesic of N . In [14], a characterization of totally geodesic
submanifolds of Damek-Ricci spaces was obtained. According to their result, all totally
geodesic submanifolds of Damek-Ricci spaces are isometric to rank-one symmetric spaces
of negative curvature or are of the following type.
Theorem 2.2 ([28]). Let S be a Damek-Ricci space S. A connected Lie subgroup Σ of S
containing exp(a) is a totally geodesic submanifold if and only if TeΣ = a⊕ v
′⊕ z′, where
v′ ⊆ v, z′ ⊆ z and Jz′ v
′ ⊆ v′.
In this article, we will study the special case of polar actions on Damek-Ricci spaces
where the section of the polar action is a totally geodesic submanifold Σ as described in
Theorem 2.2.
3. Polar actions
A proper isometric action of a Lie group G on a Riemannian manifold M is called polar
if there exists a section, i.e. a connected closed embedded submanifold Σ of M such that
G · Σ = M and Tp(G · p) ⊥ TpΣ for all p ∈ Σ. The section of a polar action is not unique;
indeed, if Σ is a section, then g · Σ is also a section for all g ∈ G, and conversely, all
sections of a polar action are given in this way. Sections of polar actions are always totally
geodesic submanifolds [24, Theorem 3.2]. We will denote the Levi-Civita connection of a
Riemannian manifold by ∇.
The following lemma is a basic observation in connection with polar actions.
Lemma 3.1 ([12]). Let M be a Riemannian manifold and let Σ be a connected totally
geodesic submanifold of M . Let p ∈ Σ and let η be a Killing vector field. Then η(q) ∈ NqΣ
holds for all q ∈ Σ if and only if η(p) ∈ NpΣ and ∇vη ∈ NpΣ for all v ∈ TpΣ.
Let us prove the following criterion for polarity.
Proposition 3.2. Assume a Lie group H acts properly and isometrically on a connected
complete Riemannian manifold M and let p ∈ M . Let Σ be a connected totally geodesic
submanifold of M containing p. Let Hp = {h ∈ H | h · p = p} be the isotropy subgroup
of H at the point p and let hp be its Lie algebra. Let m be some vector space complement
of hp in h. Then the H-action on M is polar with section Σ if and only if both the following
conditions hold.
(i) The slice representation of Hp on the normal space Np(H · p) is polar with sec-
tion TpΣ.
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(ii) We have 〈∇vη, w〉 = 0 for all Killing vector fields η on S induced by elements of m
and all v, w ∈ TpΣ.
Proof. First assume H , M , p and Σ are as described in the hypothesis of the proposition
and conditions (i) and (ii) hold. Then it follows that TpΣ ⊆ Np(H · p) and the slice
representation of Hp on Np(H · p) is such that TpΣ meets all Hp-orbits. In order to
apply [12, Corollary 6], we need to show that ∇vη ∈ NpΣ for all v ∈ TpΣ and all Killing
vector fields η induced by the H-action. Since we assume (ii) holds, it suffices to check
this condition for Killing vector fields induced by elements of hp. It follows from the proof
of [12, Theorem 7] that the condition holds for such Killing fields if the slice representation
is polar. We have shown that the H-action on M is polar with section Σ.
Conversely, it is a well-known fact [24, Theorem 4.6] for polar actions that (i) holds and
it follows from Lemma 3.1 that (ii) holds since the H-orbits meet Σ orthogonally. 
In order to apply the above criterion in the context of Damek-Ricci spaces, we prove the
following.
Lemma 3.3. Assume Σ is a totally geodesic subgroup of a Damek-Ricci space S such that
TeΣ = a⊕ v
′⊕ z′, where v′ ⊆ v, z′ ⊆ z. Let H be a closed subgroup of S whose Lie algebra h
is orthogonal to TeΣ. Let η be a Killing vector field induced by the action of H on S by
left translations. Then the following are equivalent:
(i) 〈∇vη, w〉 = 0 for all v, w ∈ TeΣ.
(ii) JX v
′ ⊥ v′, where η(e) = X + U , U ∈ v, X ∈ z.
Proof. We will compute an expression for 〈∇vη, w〉 for arbitrary v, w ∈ TeΣ, where η
is a Killing vector field on S induced by the H-action. (Note that such a Killing field
is right-invariant, but in general not left-invariant, thus the formula for the Levi-Civita-
Connection of Damek-Ricci spaces in [4, 4.1.6] cannot be applied directly.) We will use the
following equality, which holds for arbitrary Killing vector fields ξ, η, ζ on a Riemannian
manifold (M, g):
2g(∇ξη, ζ) = g([ξ, η], ζ) + g([ξ, ζ ], η) + g(ξ, [η, ζ ]).
Note that for right-invariant vector fields ξ, η on a Lie group we have [ξ, η](e) = −[ξ(e), η(e)].
Let V,W ∈ v′, Y, Z ∈ z′ and let s, t ∈ R. Let ξ be the right-invariant extension of
V + Y + sA ∈ s and let ζ be the right-invariant extension of W + Z + tA ∈ s. Let g(·, ·)
be the left-invariant Riemannian metric on s which is induced by the inner product 〈·, ·〉
on s. Then ξ and ζ are Killing vector fields on S. We compute:
2g(∇ξη, ζ)(e) = g([ξ, η], ζ)(e) + g([ξ, ζ ], η)(e) + g(ξ, [η, ζ ])(e) =
=−
〈
[V, U ] + s
2
U + sX,W + Z + tA
〉
−
〈
[V,W ]− t
2
V − tY + s
2
W + sZ, U +X
〉
−
〈
V + Y + sA, [U,W ]− t
2
U − tX
〉
=
=− 〈[V, U ], Z〉 − 〈[V,W ], X〉 − 〈Y, [U,W ]〉 =
=− 〈JZV, U〉 − 〈JXV,W 〉+ 〈JYW,U〉 = −〈JXV,W 〉,
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where we have used that JZV, JYW ∈ v
′ ⊥ U by Theorem 2.2 in the last step. This shows
the equivalence in the assertion of the lemma. 
We can now prove the following characterization of polar foliations on Damek-Ricci
spaces S given by the right cosets of a subgroup H of S such that the section is as described
in Theorem 2.2.
Theorem 3.4. Let S be a Damek-Ricci space with Lie algebra s = a⊕ v⊕ z, where v 6= 0.
Assume Σ is a connected totally geodesic proper subgroup of S such that TeΣ = a⊕ v
′⊕ z′,
where v′ ⊆ v, z′ ⊆ z. Then there exists a closed connected subgroup H ⊆ S which acts
polarly on S by left translations such that Σ is a section if and only if z′ = 0 and Jz v
′ ⊥ v′.
Proof. Assume Σ is as described in the hypothesis of the theorem and that there is a closed
connected subgroup H ⊆ S acting polarly on S by left translations such that Σ is a section.
Since the orbits of the H-action are right cosets of elements in S, it follows that they are
all of the same dimension, in particular, it follows that dim(H) + dim(Σ) = dim(S).
Since H and Σ intersect perpendicularly in the identity element e of S, it follows that
h is the orthogonal complement of TeΣ. In particular, it is of the form h = v
′′⊕ z′′ where
v′′ ⊂ v, z′′ ⊆ z.
The condition that h is a subalgebra of s is then equivalent to [v′′, v′′] ⊆ z′′. Let T, U ∈ v′′
and let Z ∈ z′. Then it follows that 0 = 〈JZT, U〉 = 〈[T, U ], Z〉. By Theorem 2.2 the maps
JZ , Z ∈ z
′, leave v′ invariant, thus they also leave v′′ invariant and hence induce a linear
automorphism of v′′ if Z 6= 0. It follows that h is a subalgebra of s if and only if v′′ = 0 or
z′ = 0.
It follows from Proposition 3.2 and Lemma 3.3 that the H-action on S is polar if and
only if JXV ⊥ W for all V,W ∈ v
′ and all X ∈ z′′. Assume v′′ = 0. The map JX is a linear
automorphism of v′ = v for any non-zero X ∈ z′′; thus it follows that v′ = v = 0 or z′′ = 0;
in both cases we have arrived at a contradiction, since we assume that v 6= 0 and that Σ
is a proper subgroup of S.
Hence we have shown that z′ = 0, or, equivalently, z′′ = z. Now it follows from Proposi-
tion 3.2 and Lemma 3.3 that JXV ⊥W for all V,W ∈ v
′ and all X ∈ z.
Conversely, by Proposition 3.2 and Lemma 3.3 the H-action on S is polar if z′ = 0 and
Jz v
′ ⊥ v′. 
Remarks 3.5. The condition z′ = 0 means that the sections of the polar actions described
in Theorem 3.4 are isometric to RHd, where d = dim(v′) + 1. In the special case where
v′ = 0, we have the action of the generalized Heisenberg group N on S, which is obviously
of cohomogeneity one; it generalizes the well-known codimension one foliation of hyperbolic
space by horospheres. In the special case where z = 0, i.e. S ∼= RHk+1, k = dim(v), the
condition Jz v
′ ⊥ v′ becomes trivial and the H-action is polar for any arbitrary linear
subspace v′ of v, cf. [29]. For specific examples, see Corollary 3.11.
We will now study isometric actions of groups of the form A(N)0⋉L(Z) on the Damek-
Ricci space S, where Z is the connected subgroup of S with Lie algebra z, acting on S by
left translations. We will classify all polar actions among these. A necessary condition is
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that the slice representation at the identity element is polar, see [24, Theorem 4.6]. This
slice representation is equivalent to the action of A(N)0 on v plus the one-dimensional
trivial representation on a. Hence it is polar if and only if the A(N)0-action on v is. The
Damek-Ricci spaces where this is the case are given by the following lemma.
Lemma 3.6. Let N be a generalized Heisenberg group with Lie algebra n = v⊕ z, where
v 6= 0. Then the action of A(N)0 on v is polar if and only if N is isomorphic to one of the
following: N(0, k), k ≥ 1; N(1, k), k ≥ 1; N(2, k), k ≥ 1; N(3, k+, k−), k± ≥ 0, (k+, k−) 6=
(0, 0); N(4, 1); N(5, 1); N(6, 1); N(7, 1, 0); N(7, 0, 1); N(7, 2, 0); N(7, 0, 2); N(8, 1).
Proof. Follows from [1, 6]. It is clear a priori from the results of [6] that we only have to
check the cases where m = dim(z) ≤ 16, m 6= 11, 13, 14, 15. Let us list the A(N)0-actions
on v for the remaining cases:
• If 0 ≤ m ≤ 3 we have the following actions: SO(k) y Rk, U(k) y Ck, U(1) ·
Sp(k)y Hk, Sp(1) · [Sp(k+)× Sp(k−)]y H
k+ ⊕Hk−, which are all polar.
• If m ∈ {4, 5, 6, 8}, we have the following actions: [Sp(1) ·Sp(1)] ·Sp(k)y Hk⊕Hk,
Sp(2) ·U(k)y C4⊗C C
k, SU(4) · SO(k)y R8⊗R R
k, Spin(8)y R16⊗R R
k, which
are polar if and only if k = 1.
• If m = 7 we have the action Spin(7) · [SO(k+) × SO(k−)] y R
8 ⊗R [R
k+ ⊕ Rk−],
which is polar if and only if (k+, k−) ∈ {(1, 0), (0, 1), (2, 0), (0, 2)}.
• If m ∈ {9, 10, 12, 16}, we have the actions Spin(9) · U(k) y C16 ⊗C C
k, Spin(10) ·
Sp(k)y H16⊗HH
k, Spin(12) ·Sp(k)y H32⊗HH
k, Spin(16) ·SO(k)y R256⊗RR
k,
none of which is polar for k ≥ 1.
Note that in Remark 2.1 the spin representation of Spin(m) is a Clifford module of Cℓm.
However, in other contexts, one also refers to modules of the Clifford algebra Cℓm−1 as the
spin representation of Spin(m). This is due to the fact that the group Spin(m) is contained
in the even subalgebra Cℓ0m, which is isomorphic to Cℓm−1, see [22, Ch. I, Thm. 3.7]. For
example, the group Spin(9) has an irreducible effective (and polar) representation on R16,
which is a Clifford module of Cℓ8, whereas the representation referred to in Remark 2.1 as
the spin representation of Spin(9) is defined on C16, which is an irreducible Clifford module
of Cℓ9. However, viewed as a real representation, the Spin(9)-representation on C
16 splits
into two equivalent irreducible submodules and is therefore not polar [1]. For more details
on the spin representations involved here, see [22]. 
In particular, it follows from Lemma 3.6 that the representation of A(N)0 on v is of co-
homogeneity two exactly in the cases of N(3, k+, k−), k± ≥ 1; N(4, 1); N(7, 2, 0); N(7, 0, 2);
N(8, 1); it is of cohomogeneity one or non-polar otherwise. We can now prove our second
main result.
Theorem 3.7. Let S be a Damek-Ricci space. Then the action of H = A(N)0 ⋉ L(Z)
on S is polar if and only if S is one of the following: S(k, 0), S(0, k), S(1, k), S(2, k),
S(3, k+, k−), S(5, 1), S(6, 1), S(7, 1, 0), S(7, 0, 1), S(7, 2, 0), S(7, 0, 2), where k, k+, k− are
non-negative integers.
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Proof. Note that for S(k, 0) (the case where v = 0) the H-action induces the codimension-
one foliation by horospheres on RHk+1, which is polar.
In the case where v 6= 0, we will use Proposition 3.2 and Lemma 3.3 to decide if the
actions of H = A(N)0 ⋉ L(Z) on S are polar. We choose z to be the space m in Proposi-
tion 3.2. In all cases, the orbitH ·e through the identity element is given by the subgroup Z
of S. It follows that Ne(H · e) = a⊕ v and furthermore, the isotropy subgroup He of H
at e is given by A(N)0. The slice representation of the H-action at the point e is therefore
equivalent to the action of A(N)0 on v plus the one-dimensional trivial module a. Hence
the slice representation is polar if and only if the action of A(N)0 on v is. Since slice
representations of polar actions are polar, it suffices to consider the actions as given by
Lemma 3.6.
In all the cases considered below we will find a section v′ for the polar A(N)0-action
on v. Note that since we assume z ⊆ h, the condition that the linear subspace a⊕ v′ of s is
a subalgebra is equivalent to 0 = 〈[V1, V2], Z〉 = 〈JZV1, V2〉 for all V1, V2 ∈ v
′ and all Z ∈ z
(it is trivial if dim(v′) = 1); in other words, it is equivalent to condition (ii) in Lemma 3.3
and thus it suffices to check this condition in all cases.
Let us consider the actions on v given in Lemma 3.6 which are of cohomogeneity one. In
this case the slice representation of the H-action on S at the point e is of cohomogeneity
two. Let V be an arbitrary non-zero vector in v. Then the subspace of s spanned by A
and V is a section of the slice representation. It follows from Lemma 3.3 that condition (ii)
of Proposition 3.2 holds, since v′ = RV is one-dimensional here and we have 〈JXV, V 〉 =
〈[V, V ], X〉 = 0 for all X ∈ z.
The remaining A(N)0-actions in Lemma 3.6 are of cohomogeneity two on v. Let us treat
these actions case by case.
We start with the case N = N(3, k+, k−), where k± ≥ 1. In this case, A(N)0 ∼=
Sp(1) · [Sp(k+)× Sp(k−)] and v, as an A(N)0-module, is equivalent to H
k+ ⊕ Hk−, where
Sp(k±) acts on H
k± by its standard representation and Sp(1) acts on both submodules Hk+
and Hk− by multiplication with unit quaternions. This representation is of cohomogeneity
two, the principal orbits are diffeomorphic to S4k+−1 × S4k−−1. Let V1 ∈ H
k+ , V2 ∈ H
k− be
arbitrary non-zero vectors. Then a section of the A(N)0-action on a⊕ v is spanned by the
vectors A, V1, V2. Condition (ii) of Proposition 3.2 is satisfied, since the maps JX leave the
subspaces Hk+ and Hk− invariant for all X ∈ z and therefore we have 〈JXV,W 〉 = 0 for all
X ∈ z and all V,W ∈ {V1, V2}.
Now consider the cases N = N(7, 2, 0) and N = N(7, 0, 2). It suffices to consider
one of them, since the Damek-Ricci spaces S(7, 2, 0) and S(7, 0, 2) are isometric and the
two corresponding actions are conjugate. In contrast to the previous case, the action
of A(N)0 ∼= Spin(7) · SO(2) on v here is irreducible. Indeed, the space v, as an A(N)0-
module is equivalent to R8⊗R2, where Spin(7) acts on R8 by its irreducible 8-dimensional
spin representation and SO(2) acts on R2 by its standard representation. This representa-
tion is polar [6] and of cohomogeneity two. Indeed, it has the same orbits as the isotropy
representation of the Riemannian symmetric space SO(10)/(SO(8) × SO(2)). More pre-
cisely, the A(N)0-action on v is equivalent to this isotropy representation restricted to
the subgroup Spin(7)× SO(2). It is well known from the theory of Riemannian symmetric
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spaces that a section of both these polar representations is spanned by e′1⊗e
′′
1, e
′
2⊗e
′′
2, where
e′1, . . . , e
′
8 and e
′′
1, e
′′
2 are arbitrary orthonormal bases of R
8 resp. R2. Choose V1 := e
′
1 ⊗ e
′′
1
and V2 := e
′
2 ⊗ e
′′
2, where we identify v with R
8 ⊗ R2 by a Spin(7) × SO(2)-equivariant
linear isometry. As a Cℓ7-module, v is equivalent to the orthogonal direct sum R
8 ⊕ R8
and thus we see that JX(V1) ⊥ V2 and JX(V2) ⊥ V1 for all X ∈ z. Hence condition (ii) of
Proposition 3.2 is also satisfied in this case.
We have shown in the two previous cases that the actions considered above are polar
with section Σ, where Σ is the connected totally geodesic subgroup of S whose Lie algebra
is a⊕ v′.
Now consider the cases of S(4, 1) and S(8, 1). We will show that in both cases condi-
tion (ii) of Proposition 3.2 does not hold, thus the A(N)0 ⋉ L(Z)-actions on these spaces
are not polar. Our proof works for both cases simultaneously. Let v be an irreducible
Cℓm-module, where m = 4 or m = 8 and consider the Spin(m)-action on v. In both
cases, this action is of cohomogeneity two. Let x ∈ v be a vector which is contained in a
principal Spin(m)-orbit. Then there is a vector y ∈ v such that a section v′ of the polar
Spin(m)-action containing x is spanned by the two vectors x, y ∈ v.
Let e1, . . . , en ∈ R
n be generators of Cℓn such that eiej + ejei = −2δij for 1 ≤ i, j ≤ n.
Then spin(n) ⊂ Cℓn is spanned by the elements eiej , where 1 ≤ i < j ≤ n. However,
for all n, the algebra Cℓn is isomorphic to the even subalgebra Cℓ
0
n+1 of Cℓn+1, where the
isomorphism is given as follows: Let f : Rn → Cℓ0n+1 be a linear map defined by
f(ei) = e
′
n+1e
′
i, for i = 1, . . . , n,
where e′1, . . . , e
′
n+1 are generators of Cℓn+1 such that e
′
ie
′
j+e
′
je
′
i = −2δij for 1 ≤ i, j ≤ n+1,
Then f extends to an algebra isomorphism f˜ : Cℓn → Cℓ
0
n+1, see [22, Ch. I, Thm. 3.7].
In this way, a representation module of Cℓn becomes a Spin(n + 1)-representation, more
precisely, the inverse image of spin(n+ 1) ⊂ Cℓ0n+1 under f˜ is spanned by the elements of
{eiej | 1 ≤ i < j ≤ n} ∪ {ei | 1 ≤ i ≤ n}.
In the cases that we are interested here, i.e. n = 4 and n = 8, we have that Spin(n+1) acts
transitively on the unit sphere in v. Indeed, the spin representations of Spin(5) ∼= Sp(2)
and Spin(9) act transitively on the unit sphere in H2 resp. R16. This shows in both
cases that, while the tangent space Tx(Spin(n) · x) is orthogonal to x and y, the tangent
space Tx(Spin(n+1) ·x) is not orthogonal to y. In particular, there is an element ei ∈ Cℓn
such that Jeix 6⊥ y, showing that condition (ii) of Proposition 3.2 is not satisfied. 
Remarks 3.8. The sections of the polar actions found in Theorem 3.7 are isometric to RH2
or RH3, except for the case S(k, 0), where the action is of cohomogeneity one and the
section is isometric to R.
We have found polar actions on symmetric spaces in the following cases: The codimension-
one homogeneous foliation by horospheres in case S(k, 0). The polar action with fixed point
of SO(k) on S(0, k) ∼= RHk+1. The action on S(1, k) given in Theorem 3.7 corresponds to
the case (ii) in [9, Theorem A] with n = k+1, b = 0, w = 0, q = u(k). Polar actions on real
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and complex hyperbolic spaces have been classified in [29] resp. [9]. For quaternionic hyper-
bolic space and the Cayley hyperbolic plane, there are no complete classifications known so
far and we find the following examples: on S(3, k, 0) ∼= HHk+1 a cohomogeneity-two action
of Sp(1) · Sp(k)⋉R3; on S(7, 1, 0) ∼= OH2 a cohomogeneity-two action of Spin(7)⋉ R7.
The other examples found in Theorem 3.7 are non-trivial polar actions on the Damek-
Ricci spaces N(2, k), k ≥ 1; N(3, k+, k−), k± ≥ 1; N(5, 1); N(6, 1); N(7, 2, 0); N(7, 0, 2),
which are not (locally) symmetric.
Generalizing the arguments in the proof of Theorem 3.7, we obtain the following criterion.
Theorem 3.9. Let S be a Damek-Ricci space, s = a⊕ v⊕ z. Let w be a linear subspace
of the real vector space v. Then h := w⊕ z is a subalgebra of s, let H be the corresponding
connected closed subgroup of S. Let Q ⊆ A(N)0 be a closed subgroup whose action on v
leaves w invariant. Then the Q⋉ L(H)-action on S is polar if and only if Q acts polarly
on the orthogonal complement of w in v with a section ℓ such that JXℓ ⊥ ℓ for all X ∈ z.
Proof. Let v⊖w denote the orthogonal complement of w in v. The slice representation
of the Q⋉ L(H)-action on S at the identity element is equivalent to the Q-representation
on v⊖w plus the one-dimensional trivial module given by a, thus is polar if and only if
Q-representation on v⊖w is. Hence it is a necessary condition that this representation
is polar for the Q ⋉ L(H)-action on S to be polar and we may from now on assume that
the Q-action on v⊖w is polar. Let ℓ be a section of this polar representation. Let Σ be
the connected totally geodesic subgroup of S as described in Theorem 2.2, where v′ = ℓ,
z′ = 0. Setting m = h, it now follows that the Q⋉L(H)-action on S is polar if and only if
condition (ii) of Proposition 3.2 is satisfied. By Lemma 3.1, this is the case if JXℓ ⊥ ℓ for
all X ∈ z. 
In particular, we obtain the following result on polar actions on quaternionic hyperbolic
space, where the condition on the sections to be totally real is analogous to the condition
in [26, Proposition 4.16] for actions on HPn.
Corollary 3.10. Let S = S(3, k, 0), s = a⊕ v⊕ z. Then the real vector space v has
a quaternionic structure given by JX , JY , JZ ∈ End(v), where X, Y, Z ∈ z are suitable
orthonormal vectors. Let w be a linear subspace of the real vector space v. Then h :=
w⊕ z is a subalgebra of s, let H be the corresponding connected closed subgroup of S. Let
Q ⊆ A(N)0 = Sp(k) · Sp(1) be a closed subgroup whose action on v leaves w invariant.
Then the Q⋉ L(H)-action is polar on S ∼= HHk+1 if and only if Q acts polarly on v with
a section ℓ which is totally real in the sense that JXℓ, JY ℓ, JZℓ ⊥ ℓ.
As an another consequence of Theorems 3.4 or 3.9, we find a polar regular homogeneous
foliation of codimension two on every Damek-Ricci space of dimension ≥ 3.
Corollary 3.11. Let S be a Damek-Ricci space, s = a⊕ v⊕ z. Let w ⊂ v be a linear sub-
space of codimension one. Let H be the connected Lie subgroup of S with Lie algebra w⊕ z.
Then the action of L(H) on S is polar.
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Proof. Using the notation of Theorem 3.9, let Q be the trivial subgroup of A(N)0. Let ℓ
be the orthogonal complement of w in v. Then ℓ is a section for the (trivial) Q-action on ℓ
and the condition JXℓ ⊥ ℓ for all X ∈ z is trivially satisfied since ℓ is one-dimensional. 
By a similar argument, we also find a polar action with a singular orbit on every Damek-
Ricci space with dim(v) ≥ 2. The actions given by the following corollary are of cohomo-
geneity two and the orbit through the identity element of S is of codimension three.
Corollary 3.12. Let S be a Damek-Ricci space, s = a⊕ v⊕ z. Let T ⊆ A(H)0 be a
maximal torus. Let w ⊂ v be a linear subspace of codimension two such that the T -action
on v leaves w invariant and acts nontrivially on its orthogonal complement in v. Let H
be the connected Lie subgroup of S with Lie algebra w⊕ z. Then the action of T ⋉ L(H)
on S is polar.
Proof. With the notation of Theorem 3.9, let Q = T . Let v⊖w be the orthogonal com-
plement of w in v. Then Q is a connected compact Lie group which acts non-trivially
by an orthogonal representation, hence with cohomogeneity one, on v⊖w. Let ℓ be a
one-dimensional linear subspace of v⊖w. Then ℓ is a section for the Q-action on v⊖w
and the condition JXℓ ⊥ ℓ for all X ∈ z is trivially satisfied since ℓ is one-dimensional. 
Note that the restriction on the dimensions for the corollaries above only exclude real
hyperbolic spaces, for which non-trivial polar actions are known to exist by other construc-
tions. Thus we have found non-trivial polar actions on all Damek-Ricci spaces.
4. Sections which are not subgroups
To further generalize our results, we make the following observation.
Lemma 4.1. Let M be a Riemannian manifold. Let H2 be a Lie group which contains
the closed subgroups G and H1 such that H2 = GH1. Assume that (i) the H2-action on M
is proper and isometric, (ii) H1 acts polarly on M with section Σ1, (iii) The H2-action
restricted to G leaves Σ1 invariant and acts polarly on Σ1 with section Σ2. Then H2 acts
polarly on M with section Σ2.
Proof. Let us first show that all H2-orbits intersect Σ2: Let p ∈ M , since H1 acts polarly
on M with section Σ1, there is an h1 ∈ H1 such that h1 · p ∈ Σ1 and since G acts polarly
on Σ1 with section Σ2, there is a g ∈ G such that g ·(h1 ·p) ∈ Σ2; hence we have (gh1)·p ∈ Σ2
and gh1 ∈ H2.
Now let g, h1, h2 be the Lie algebras of G,H1, H2. Any Killing vector field ξ on M
induced by an element of h2 can be written as a sum ξ = η + ζ , where η, ζ are Killing
vector fields onM such that η is induced by an element of g and ζ is induced by an element
of h1. Let q ∈ Σ2. Then we have η(q) ⊥ TqΣ2, since G acts polarly on Σ1 with section Σ2
and we have ζ(q) ⊥ TqΣ2, since H1 acts polarly on M with section Σ1 and Σ2 ⊆ Σ1. This
shows that ξ(q) ⊥ TqΣ2.
We have shown that H2 acts polarly on M with section Σ2. 
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We apply this to find another type of polar actions on Damek-Ricci spaces. For these
actions, the sections are not subgroups as described in Theorem 2.2, but totally geodesic
hypersurfaces inside of them.
Corollary 4.2. Let S be a Damek-Ricci space, s = a⊕ v⊕ z. Let w be a linear subspace of
the real vector space v. Then h := a⊕w⊕ z is a subalgebra of s, let H be the corresponding
connected Lie subgroup of S. Let Q ⊆ A(N)0 be a closed subgroup whose action on v
leaves w invariant. Assume Q acts polarly on the orthogonal complement of w in v with a
section ℓ such that JXℓ ⊥ ℓ for all X ∈ z. Then the action of Q⋉ L(H) on S is polar.
Proof. Consider the subalgebra k := w⊕ z of s and let K be the corresponding connected
subgroup of S. It follows from Theorem 3.9 that the action of Q ⋉ L(K) on S is polar,
let Σ1 be a section containing e. It follows from the proof of Theorem 3.9 that Σ1 is a
connected totally geodesic subgroup of S as described in Theorem 2.2 with z′ = 0 and
TeΣ1 = a⊕ v
′, where v′ = ℓ. In particular, Σ1 is isometric to real hyperbolic space of
dimension dim(v′) + 1. It follows that the action of exp(RA) on S by left translations
leaves Σ1 invariant. It is easy to check, e.g. using [9, Proposition 2.3], that this action on
real hyperbolic space is polar. Hence it follows from Lemma 4.1 that the action of Q⋉L(H)
on S is polar. 
Proof of Theorem 1.1. Follows from Theorem 3.9 and Corollary 4.2. 
5. Conclusion
We have found many examples of non-trivial polar actions on Damek-Ricci spaces and
have given classifications in some special cases. However, our approach can only be applied
to the case where the section is a subgroup (and actions derived from those using Corol-
lary 4.2). In order to find all polar actions by our method, one would need a more explicit
description of all totally geodesic subspaces in Damek-Ricci spaces, which of course would
be an important result in its own right.
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